Abstract. In this note, we compute the Gelfand-Kirillov dimension of cosemisimple Hopf algebras that arise as deformations of a linearly reductive algebraic group. Our work lies in a purely algebraic setting and generalizes results of
Introduction
Let k be an algebraically closed field and all algebraic structures in this note will be k-linear.
Recall from [14] that the Gelfand-Kirillov (GK-)dimension of a finitely generated, unital algebra A is the growth measure defined by
where V is a finite-dimensional generating subspace of A containing 1 A ; this definition is independent of the choice of V [14, page 14].
The typical techniques for computing the GK-dimension of an algebra involve Grobnër basis methods or some other type of algebraic or representation-theoretic approach. But for the case that we examine here, i.e., when the algebra admits a well-behaved coalgebra structure, we can compute its GK-dimension using corepresentation-theoretic methods instead. Namely, given a finitely generated, cosemisimple Hopf algebra H we consider the invariant (R + (H), d H ) used in [3] ; here, R + (H) is the Grothendieck semiring for the category of finite-dimensional H-comodules and d H is the dimension function on R + (H). We first establish that if H is finitely generated, then its GK-dimension depends only on (R + (H), d H ) [Proposition 2.7] . Then, our main result verifies that if H is a deformation of a linearly reductive group G in the sense that there is an isomorphism between two pairs (R + Our results are related to the fact if φ : H → H ′ is a morphism of cosemisimple Hopf algebras that induces a semiring isomorphism φ + :
, then φ is a Hopf algebra isomorphism; see, e.g., [4, Lemma 5 .1]. But we do not require such a map φ here to get GKdim H = GKdim H ′ ; instead we just require map R + (H)
We introduce necessary terminology and verify the results mentioned above in Section 2. Then, we discuss in Section 3 how our main theorem compares to previous results on the growth of cosemisimple Hopf algebras by Goodearl-Zhang [12] , by Banica-Vergnioux [3] , and by D'AndreaPinzari-Rossi [8] . We also compute in Section 3 the GK-dimensions of Dubois-Violette and Launer's and Mrozinski's universal quantum groups [11, 16] using Theorem 2.9.
Terminology and Main Result
Throughout this section, let H be a cosemisimple Hopf algebra. We write H for the set of isomorphism classes {[S α ]} α of simple H-comodules S α ; sometimes we abuse notation and write H for the corresponding index set {α}. Note that {[S α ]} α is a basis for the Grothendieck ring R(H) as a free abelian group. The trivial H-comodule will be denoted by 1. We also write ≤ ⊕ to denote direct summand. Now we discuss the invariant (R + (H), d H ) mentioned in the Introduction.
Definition 2.1. The measured Grothendieck semiring of H is the pair (R + (H), d H ) where
• R + (H) is the Grothendieck semiring of the category of finite-dimensional H-comodules; and Being cosemisimple, H decomposes as the direct sum of its simple subcoalgebras. Because we are working over an algebraically closed field, the latter are matrix coalgebras necessarily of the form M ℓ (k) * for various ranks 0 < ℓ < ∞. In short, we obtain a decomposition
Here, there are no multiple copies of any simple subcoalgebra in H in the decomposition above; see, e.g., [13, Theorem 11.2.13(v) ]. If one chooses a subspace V of H of the form
then V n ⊆ H has the following representation-theoretic characterization.
Lemma 2.5. Take V to be a subspace of H as in (2.4). Then,
Proof. Our goal is to show that V n and α∈F S α ⊗n have the same simple H-comodule direct summands; we do so by showing that they are the same as those for the H-comodule V ⊗n .
Towards the goal, we recall the notion of the support of an H-comodule. For any finite dimensional H-comodule M with structure map ρ : M → M ⊗ H, we denote by C(M ) the unique minimal subspace of H satisfying ρ(M ) ⊂ M ⊗ C(M ); we call C = C(M ) the support of the H-comodule M . By [19, Theorem 3.2.11(c)], C is a finite-dimensional subcoalgebra of H. Since H is cosemisimple, so is C, and hence, C * is semisimple. This implies that M , as a module over H * , is a direct sum of the simple modules appearing as direct summands of H * /Ann H * (M ) ∼ = C * . By [19, Corollary 3.2.6] , there is a one-to-one correspondence between C * -submodules of M and C-subcomodules of M . So, M is the direct sum of the simple C-comodules, i.e, M is the coradical C(M ) 0 of its support C = C(M ). Therefore, two H-comodules with the same support must have the same simple H-comodule direct summands. Now it suffices to show that the H-comodules V and α∈F S α , and the H-comodules V ⊗n and V n , have the same support. The first statement holds by (2.4) as C α ∼ = (S α ) ⊕ dim Sα as Hcomodules. For the second statement, note the multiplication map µ n : V ⊗n → V n is a surjective H-comodule map, which induces an injective coalgebra map C(V n ) ֒→ C(V ⊗n ). Since V n is a subcoalgebra of H, we have C(V n ) = V n . Moreover, the H-comodule structure on V ⊗n is given by
This implies V ⊗n and V n share the same support.
The result below is an immediate consequence of Lemma 2.5 and (2.3).
Corollary 2.6. Retaining the notation of Lemma 2.5. For representatives
Now we obtain the following result.
Proposition 2.7. The Gelfand-Kirillov dimension of a finitely generated, cosemisimple Hopf algebra H only depends on its measured Grothendieck semiring.
Proof. By the "local finiteness" property of coalgebras [15, Theorem 5.1.1], we can always choose a finite-dimensional subcoalgebra of H so that it contains a finite vector space V that generates H as an algebra and that 1 ∈ V (i.e., the trivial H-comodule 1 is a direct summand of V ). Further, we can take V of the form (2.4).
Note that the simple H-comodule index F n of V n in Lemma 2.5 is uniquely determined by the Grothendieck semiring structure of H; indeed, β belongs to F n if and only if
for some x ∈ R + . The conclusion now follows from Corollary 2.6 and the definition of GK-dimension since dim V n can be calculated by using the measure d H on all of the [S β ]'s that belong to F n .
We now apply the discussion above to Hopf algebras obtained as certain deformations of the Hopf algebra O(G) in Remark 2.2.
Definition 2.8. Let G be a linearly reductive algebraic group. A cosemisimple Hopf algebra H is said to be a
, then H is said to be a quantum function algebra on G.
The main result of this note is given below. Theorem 2.9. Let G be a linearly reductive algebraic group and let H be a finitely generated, quantum function algebra on G in the sense of Definition 2.8. Then, we have that
where the latter is the dimension of G as an algebraic variety.
Proof. By Proposition 2.7, it is enough to prove this for H = O(G) itself. Recall from [14, Theorem 4.5(a)] that the GK-dimension of a finitely generated, commutative algebra coincides with its classical Krull dimension. Moreover, O(G) is finitely generated as G is affine, and the classical Krull dimension of an algebra of regular functions on an algebraic variety is simply the dimension of that variety.
Examples and Previous Results
In this section, we highlight special cases of Theorem 2.9. We specialize to the case when k has characteristic 0 throughout the section, since the requirement that an algebraic group be linearly reductive is rather strong in positive characteristic. Indeed, in characteristic p > 0 the only linearly reductive affine algebraic groups are extensions of tori by finite groups of order coprime to p; see [18] .
The next few results take place in the same general setting, which we now recall briefly. Take:
• G, a semisimple, connected, simply connected algebraic group; • g, the Lie algebra of G; and • q is a nonzero scalar. If q is a root of unity of order ℓ, then we assume that ℓ is odd, and coprime to 3 when g contains a G 2 -component.
Recall that we can define a q-deformed version U q (g) of the enveloping algebra U (g); see, e.g., [7, Chapter 9] . One can then define the Hopf subalgebra O q (G) of the Hopf dual U q (g) • by first passing to an integral form Γ(g) of U q (g), and then using matrix coefficients for integral representations (i.e., Γ(g)-modules which are free Q[q ±1 ]-modules of finite rank). The category of finite-dimensional O q (G)-comodules is equivalent to the (monoidal) category of type 1 finitedimensional U q (g)-modules whose weights lie in the lattice corresponding to a maximal torus of G.
We refer the reader to [10] 
Now suppose q is a root of unity of order ℓ as above. The ℓ = 1 case holds by Remark 2.2. Next, note that when ℓ > 1 is odd, we have that O q (G) is a finite module over a subalgebra isomorphic to O(G), by [ Remark 3.2. The case when q ∈ C × is transcendental over Q recovers a result of GoodearlZhang [12] . Namely, [12, Theorem 0.1] shows that O q (G) is Auslander-regular and Cohen-Macaulay, and its GK-dimension is as in Theorem 2.9 (and also equal to its global dimension).
The next three remarks pertain to connected, simply connected, compact real Lie groups G. Remark 3.5. In the real, unitary setting, Proposition 3.1 also recovers the main result of [6] . This is proved under the additional assumption that q is positive and < 1 in order to make use of an appropriate * -structure on O q (G).
We also emphasize that Theorem 2.9 can be applied to G-deformations more general that those arising in Proposition 3.1, such as cosemisimple multi-parameter deformations of O(G). For instance, in the cosemisimple case, Takeuchi's two-parameter deformations of GL (2) [20] are a subclass of the quantum groups discussed in Example 3.9 below. Now we turn our attention to the growth of the SL(2)-deformations and the GL(2)-deformations studied in [4] and [16] , respectively. To begin, we need the result below.
Lemma 3.6. Let H and K be two finitely generated, cosemisimple Hopf algebras, and suppose that there exists an isomorphism f :
Proof. Since X ⊗n and f (X) ⊗n have the same number of simple factors, we get that
On the other hand, there is a simple H-comodule S n , which is a direct summand X ⊗n , with
and from the hypothesis that dim X > dim f (X) we obtain the desired result. Example 3.8. Let V be an d-dimensional vector space and a matrix E ∈ GL d (C) encoding a bilinear form on V . The quantum automorphism group B(E) was introduced in [11] and its comodule theory is studied in [4] .
It is shown in [4, Theorem 1.2] that each SL(2)-deformation [Definition 2.8] is isomorphic to B(E), for some E ∈ GL d (C) such that the solution to q 2 + tr(E T E −1 )q + 1 = 0 is generic, that is, q equal to ±1 or a non-root of unity. In fact, the quantized coordinate ring O q (SL (2) (2)) as monoidal categories (i.e., there exists a monoidal Morita-Takeuchi equivalence) for q ∈ C × satisfying q 2 + tr(E T E −1 )q + 1 = 0.
Restricting our attention to the case when B(E) is cosemisimple (or, when it is monoidally MoritaTakeuchi equivalent to O q (SL(2)) for q generic) the proofs of results mentioned above makes it clear that V maps to the fundamental 2-dimensional O q (SL(2))-comodule under a semiring isomorphism, f : R + (B(E)) ∼ −→ R + (O q (SL(2))).
Since dim V = d and dim f (V ) = 2, we obtain that GKdim B(E) = ∞ for d > 2 by Lemma 3.6. On the other hand, we get that GKdim B(E) = dim SL(2) = 3 when d = 2 by Theorem 2.9.
This extends, in the case when B(E) is cosemisimple, the result that GKdim B(E) < ∞ if and only if d = 2, obtained as part of [21, Theorem 0.3] .
Example 3.9. Similarly, there are GL(2)-deformations G(E, F) introduced and studied in [16] that are defined by E, F ∈ GL d (C) so that F T E T EF = λI for λ ∈ C × . We have that G(E, F) and O q (GL(2))) are monoidally Morita-Takeuchi equivalent for q ∈ C × satisfying Now restricting our attention to the case when G(E, F) is cosemisimple, GKdim G(E, F) = ∞ for d > 2 by Lemma 3.6, and GKdim B(E) = dim GL(2) = 4 when d = 2 by Theorem 2.9.
